¢ Explain why any point on the perpendicular bisector of a segment will be
equally distant from the endpoints of the segment.,

The truss shown at the right is often used for portions of a house
1 which a t;inpvcl interior ceiling is desired. Ttis designed so that

AB = CRand AD=CD,

a. How could vou reason with congruent triangles to explain why

LABD = LCBD?

A C;e‘\) = CPc:-rc

b. What other pairs of angles in the truss must also be congru ent?
Why?

LBAD & /ey COLTC
2 ADB YD T
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O Lonnecting Quadrilaterals and Triangles In lnvestigation 1, vou found that vou
— could make a quadrilateral linkage rigid by adding a diagonal brace. Diagonals

are also helpful in reasoning aboul properties of quadrilaterals.

Recall that by definition of a
parallelogram, opposite sides are the

SR iﬁfﬂggg’iy OF congruen {, .
‘ ";}f?" T . &

! N .,,‘ et THOVRE e
a. Ona copy of parallelogram PORS, use / . f

tick marks to indicate segments that A T ——-
R

i

3

are congroent.
b. Provide an argument to justify the statement:
A diaconal of a parallclooram divides Hie
: S e S .
parallelogmmy info two congruent triangles,
“)am(wm rams have 1
Opposite” Sicles carghien

o

L Ty
?é s a Shared sice

e Angles in a parailelogram Hke 200 and £8 ave called opposite angles.
i Explain why £0 & Z5.
e / T AQPR, L Q= LS
Snce A SPR = AGPR, L Q=
duwe 0 CWTC |

if. What reasoning would vou use to show that the other pair of
opposite angles, £P and £R, are congruent? Compare your

argument with others.

) L PZLR SISkl




d. What is the sum of the measures of the angles of [LZIPORS? Give reasons
that support your answer

Quadrilcionls up o De0® (emgle Sum)

e. Would vour answer and reasons in Part d change if the figure were a
quadrilateral but not a parallelogram? Explain vour reasoning.

g
o

SMVV\ Oﬁy WM«S W’)
aul %u,a_dm \otereds

= 30®
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p. 387 #10
N/ Examine the reasoning of sach student below.
& Give a reason that would support each statement made by the
students. B C
# Then decide if the conclusion follows logically from knowing / /
that quadrilateral ABCD is a parallelogram. /” /’
/ /
&, Arna drew JABCD at the right and set out to show that 4 )

mLA + mLB = 180°, She reasoned as follows.

Since ABCD s a quadrilateral, | know that U] A’s o a C%uad nlateral add 1o eD
mLA + mLB + mlC+ msd D= 360° (14 SOM .C\YQVV Qo d.,agona, , gou create
ewo” Friangles il “ 45 -thdt adel 1o 18)°

i;fi Afgi ;;Z i;;azilft}gram | know that opposite 3.°s | of o parod &c«;\ogwam
and £B ore.

4

It follows that m£A + mZB + mZA + mdB = 360°. Sulpstitutiony of X,_Cbu.,lv@.un%

Q ﬁMgL@g.

So, ZmiA + Ims B = 360°

N L. A® so... aod Addifion of Qg volent-
anGles. |

Therefore, mJZA + ms B = 1807,

DiviSion

9,

39




b, Andy drew CJABCD with diagonal BD and then reasoned to show

that maA + msB = 180,

M__ ‘#‘*««\N
o

¥
T
9,

_;/

| know that AABD = ACDB,

SSS

So, £LBDA = LDBC

~epeTe

1 krnow that mZA + mLABD + mABDA = 180°,

Bomgloso? ~ A=

Sa, mLA + mLABD + mZDBC = 180"

Suhstitubin

Therefore, maA +(nd B)= 180°,
J
Z ABC

Add hon

40




ths can be used to test whether a quadrilateral is

TP
ey
eng

ion on diagona
a special quadrilateral. The diagram below shows results of three trials of an

Informat
experiment witls two linkage strips{fastened at their midpoints.

a. In cach case, what appears to be true about the quadrilateral that has the
given strips as its diagonals? Do vou think the same conclusion would hold

i you conducted additional trials of the experiment?

?ara\(e\03ram

cf ench ol her,

" contls of v giradrilaleral bise

If the dinge
Triliateral is a

then Hie qua

b Study this diag
i Are pairs of segment
congruent properly marked?

Explain. YC‘S

Parts b—e will provide you a guide o preparing a supporting argument for the

parallelosramn,

statement:

5 given as

SRR

ii. To show quadrilateral ABCD is
W

that opposite sides are the same
hal opposite

length. To show 1
' are congruent, what triangles wo
additional information would vou need?

are congruent? What
LVE LS

U Meex A e
S5AS |

a parallelogram, vou must sho

i you try to show

Gt
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p. 376 #4c 4 8
¢. Angles positioned like 21 and £3, and £2 and £4, are called / "x% > A >
vertical angles. Each pair of vertical angles appears 1o be / et
congraent. A student at Bellevue High School in Washington gave / e AN,/
the following argument to justify that £1 = £3. {},zif’“””h \\Ef

i. Give a reasan to support each statement,

(1) mat + mé’é =l1ae? {ms1 is read "measure of 217}

shagny Wine 15 150"

(2) mLZ + md3 =180°

Shaught e 15 180 °

Zll ms2 = mi;. +mL3

B 4ulbshhon  of 41 for ﬁr%

)

N

Goet

o miien SMWM 2= MLZH)3

6u~b7m6‘77’(7)/) 7gwom+ mLé&ﬁmL

=

(5) So. £1 = £3. L

oo
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A =

v - & - m—,
_ . ‘ . N
V.o cal angles are =
AN
O . Use similar reasoning to write an argums a1t | justifying that

24, . + ’f .
OW) «/ h ¥, e S
‘f' L "l 570 > line re B’D \Zf*:ﬁfﬂ';” /

O% L 17D / S
) $ . %/ L B — ) | ]
oy L) b1 Q> Subi fon

.

)
7

— |

/2 S U»?)/)A mo{;o/%ui\gj’l -

B, q ~rgq > Subractior)
b= ACEDhnd|AAED = AcEB] mLpOQ{? j )

<) d. Explain why it follows that f’\f.’x.E

A AE B “AC"D WWMSL(}F SAS
ARED Z ACED buawst of SRS

..................

() 2. Why can you conclude that AB = CD and AD = CI? That quadrilateral

ABCD must he *sp:,xz allelogram? ﬂ/\ Ci I/S O‘P O OS)’{() |
i 0o 2 0O B I EE,

5 e 0 CALTC

A < ?AM\LLU»O@RN\’{
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f) Justify why copsecutive angles would add to 180 using transformations.

A DA " Consecchve angles —» At+B "D O |
,Iﬁ‘ﬁ’gig“m (Next o each Other) B

P

/Bt LA = g0 (h0des O ‘SWQ)’WvKW}
«Tmm\&-ﬁ(m Hu cistana ot /AB

O

g) Justify why mte angles congruent using transformations.

LA LBELD
V\'Hf\q?

Retghion of __170°
O\}QUILHJ\FOMhd Pomﬁz:;_
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Dragonal lensths are frequentlv used in “squaring” building foundations and
&3 & . &
- setting walls In the construction of homes, To square a wall, the bottom plate
iz held secure and the top of the wall is adjusted until both diagonal measures

are the same.

a. Assuming the top and bottom plates are the same length and the two wall
studs at the ends are the same length, explain as carcfully as you can why
the statement, “If the diagonals are the same length, then the wall frame is

a rectangle,” is true. Your explanation should include a Jabeled diagram,
a gtatement of whatinformation is given in terms of the diagram, and

supporting reasons for vour statements. . ’
N DC 15 N hoth As
AADC ¥ ABCD

Q) "SSS"‘ )

LADC 2 [Rep RIS
L ASc v+ tBED = (907 —> ARLD Is &




b, Compare vour argument wilh others. Correct anv errors in seasoning.

Oiagonals of Rectangles and Squares

Are there any other properties of reclangles and squares thal we havent discovarad vetl?

Rectangles

e -
Prree | e
« o

!

H

H N

§ P .
'!..-’

Name:

46

Squares

46
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)

PROPERTIES OF QUADRILATERALS

- MTK5
Property Parallelogram Rectangle Rhombus Square Kite
Sketch
Opposite sides
congruent /
Opposite sides /
parallel 4

All sides congruent

Consecutive angles
supplementary

} 90°

/
7
/

Ve

All angles congruent

All right angles

Opposite angles
congruent

N

N

Diagonals bisect
each other

AN

Diagonals congruent

SENENESANENRRNES

Diagonals bisect
angles

Diagonals
perpendicular to
each other

SLS Y Al S S ~

47
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In this investigation, you used Triangle Congruence Conditions to support your reasoning
ahout properties of figures.

a What is true about any point on the perpendicular bisector of a segment? How is this
related to congruence of triangles?

T+ 1% €quold n da&mmp 40 loohn
“nd poiryts

‘R What is the sum of the measures of the interior angles of any quadrilateral? How could
h _ g ¥q i
you convince others of this property?

The Sum of the nmeasures of a  gouaotrilaferal
IS B0, WS 15 kecouUse Oékcom clven)
O daagma o exeete Two As Hnod
easure 150" (sum of 3 angles).

‘e What are some special properties of parallelograms? Of rectangles? How are these
properties related to congruence of triangles?

Gyeen Cavol STock.
ool 5

‘4 What are some general strategies to consider when trying to establish properties of

figures by reasoning? ym\f( eral/) u{\s CO)/)(Y(/( €m+

Be prepared to share your ideas with the class. ¢




| CHECK YOUR UNDERSTANDING A
i ' %,

Refer o kite ABCD with d fagonal AC shown at the ri ght.

{3,004
?
a. Use carcful reasoning fo explain why £1 2 22 and 43 = £4, ,%«,
b. What must be true about the shorter diagonal DB? Why? I
C

O %‘m%zj[% }KE@
T % DB

< peed

AC i A‘C; &7 Sl

=75 s bgsectd
— b‘) diogoud DB 1B btsec
Wya by AC SO The Hwo Precal
2T

Ore W\{)WM
Ac is T N \Oiseﬁm

49
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Unit 6 Patterns in Shape Name O

Properties of Triangles and Quadrilaterals Date

In each problem, use the properties of quadrilaterals to answer the question. For
some problems, you may need to sketch and label a diagram illustrating the
problem. For some problems you may need to write and solve an equation to
answer the qucstmn However, for all problems it is important to analyze the

properties of the given figure.

1. Find the length of side AB in parallelogram ABCD.

lsxsss) 5 0;95905'-{3‘ Sicles Qre Qﬁymc@‘

L s 3x 28X
T e 7 li??‘ - 0)
o :§/>’<’ 3»&,“)0 gx
DX B
D0 £y )(-:—:—;, O
AB= 3(10) T3¢
- 2073¢
= (wpg

50




O 2. What is the measure of the largest angle in the accompanying triangle?

et P xHIS4x = 18D
Ly +io= \GO
- ~lo

Uy = |u>4 X =]

T s ——

[?D ! < \H’\i arﬂ@gw{w G\V\B &HJ

3. Inparallelogram GPMT, the length of PQ can be expressed as 11y + 16 and the
length of TQ can be expressed as 8y + 25. Find the length of diagonal PT.

(x+15)° 5(yp Yi= x°

@)

3y Y
%(3)+as5= 49 5 3 -

NORINERLE

CJ

51

51




52

4. In the accompanying diagram of parallelogram ABCD, m £ A = (2x + 10)° and Q
m« B = 3x°, Find the number of degrees in m £ C. -

D | c

v 18 ¢+ 0 +dx =180
Py 410 =180
» — 1O O
Ger1OF S By =\10

’ ® X=3Y

2B HO = 78
M LA L2 e =%
5. Find m £ 4 and m £ H in kite MATH.
d 30
vl 100

oL o 0O

A0 (Hl R q “ ¢

Find the number of inches in the length of DC.
Sy b-lo = cdxtle

9xHe

S
“7 i :

5(H) (o= 4 L
ADHe= 14w AR =

@)

52
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O 7. Inrectangle RECT the m £ ERA can be expressed as 4x + 12 and m £ ACT can
- be expressed as 10x — 18. Find m £ CAT.

Uy +12 =10X-18

R — £ 118 +19

. A i R . o

| v Ly +30 = 10X

" \0‘x 13 - FL/X N L/%
T o

QO m.ué—gy X,;:‘ >
] "o Lo

LERA = 3 A RAE s MBS )sosccles | basc 2‘-/
/. ACT=2%a° ore congruent.

22 +33 +x =180 L CAT=°

8. In the accompanying diagram of isosceles friangle ABC, 4B = AC, and exterior
angle ACD = 110°. What is m £ BAC?

- - . L ACR =70°
<) | / ABC= 70°

70 +70 =40 .
) 90 - 140 = 40

nn £. BAL =40°

53
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9. Find the length of each side in the rhombus shown below. Then find the length Q ‘
fo the nearest tenth of each diagonal of the rhombus.

2 _ 104,
2x‘£1 ! Ix-1= X+5 N%<=)0%+a

T A 1aFioote®
10%_-1..',., A it -lo0 10D
s N x  [3idaT

X= o Y.L =0

O diagoml=30
@ dagenad = 4,2

10.The ratio of the three angles of triangle XYZ is 5:3:1. What are the measurcs of O
the three angles in the triangle? What type of triangle is XYZ?

Bxd Bielx =180 Dan) 106

e YW e s 0N Pt
=180 2{20) =el
) oy &

)

? il e, AR

5: - 2
[;i 5 s, «;‘ A
%2 Gid e

%\ ’4.—4 7 9
XES ;@
s ot LA

Q\‘.)“,A -r e {.,’J

54



0 Constructions Investigation

First, use Geometric Constructions Labsheet 1 and 2 to copy a line segment and an angle.

use p-’\ \N - wohyte Lorie

The diagram below illustrates how a carpenters square is often used fo ‘
& ; i3
bisect an angle. (A bisector of an angle is a ray that begins at the vertex of the

angle and divides the angle into two angles of equal measure.) The square
is positioned as shown so that PQ = RQ and PS = RS.

a. Explain why this information i3 sufficient to conclude that

Q APOS = ARQS.
Pax~Ra S A PQS = /ARGS

ReET@ S 385

e

-

b. Why does ray QS (wrilten @; ) bisect ZPQR?

n Z-Pes % m/RES —> LICTC

= 4o Tht angke isec+or (/cu[% W o] @(jm”
Mo\&, /TR0, 1o} Lmygr uenst CAM%&Q

55
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Use LABSHEETS 3, 4, 5, and 6 for problem 8.

Draftsmen and industrial designers use a variety of tools in their work.
Depending on the nature of the task, these tools vary from sophisticated
CAD (computer-assisted design) software to compasses and straightedges

(rulers with no marks for measuring;

@ Draw an acute angle, ZABC. Using a compass, a straightedge, and the
algorithm below, construct the bisector of ZABC.

Angle Bisector Algorithnu To bisect ZABC, do the following,

Step 1: With the compass point at B, draw an arc that intersects BA and BC;
call the intersection points X and Y, respectively.

4

* AP R R T R *, “““@”
B ' Y C

Step 2: Wﬁh the compass point at point X and using a radius greater than
LXY, draw an arc in the interior of ZABC. Then, keeping the same
radius, place the compass point at Y and draw a second arc that
intersects the first. Label the point of intersection D,

Step 3: Draw the ray BD. BD bisects £ABC,
b. Explain why this alw{mﬂﬁm produces the bisector of £A BC That is, explain

how you know that D bisects ZABC. In what way(s) is this algorithm
-similar to the technique in Applications Task 77

¢. Can this algorithm be used to construct the bisector of a right angle and
an obtuse angle (an angle with measure greater than 90°)? Explain your

reasoning,. Q/l
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Getting the Right Angle

Your work on problens in the previous investigations illustrated three § important
aspects of doing ma t.].m-x:z‘ml1«:f.»;mt-?,\1}@.mn.em_mg, reasoning from accepled facts to
new information, and applying those ideas to practical probloms. In your trian glo-
building experiments, you discovered patterns that suggested the reasonableness
of the Triangle Inequality and the Triangle Congruence Conditions. Using various
congruence conditons, vou were able to carcfally reason to propertics of special
triangles and quadrilaterals. You then applied those properties to a variety of
problems. Keep these aspects of doing mathematics in mind as you complete

this invesligation.

Bridging, shown in the diagram below, provides stability between adjacent
floor joists, Tt is generally used when floor spar are greater than 8 feet. If the
floor joists are set approximately 16 inches apart, to what length should the
bridging be cut? Why should all pieces be cut the same length?

Mo . l(pa.}— 1A . Caa

- 95Ldu=C 0)
Zin (oo =C3

; c=20

It working on Problem 1, you likely used a special property of right triangles—the
Pythagorean Theorem. Your work on the remaining problems of this tnv estigation
will help vou answer these questions:

The Pythagorean Theorem is often used to calculate the length of the prr*sl?tﬁrmu;c*
of a right triangle. You can also think of the Pythagorean Theorem as a statement
of are mhumhx;} among areas of hree squares,

1 b3 5
49 +H2 = (@D
’ , b"‘: Ua’b'qq (&)

! = 61

(0 = 570

b=a4

25
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m d. Think of a line as a “straight” angle. Add steps to the Angle Bisector

N Algorithm to produce an algorithm for constructing a per pf;e-mﬁﬁtuéar toa
given point P on a line.
L

i. Draw a imv AR cont laining pm nt . Use }am a!vortmm and a compass
wpar :

a

E:a;_ ain how you know that the line you constructed is perpendicular
to AB at P,

e. How would you mm‘lif:y your algorithm to construct a perpendicular
bisector of a segment? Explain as carefully as you can why your
method works.

Use LABSHEET 7 for problem 9.

O

Use a ruler to carefully draw a triangle, AXYZ. Design and test an
algorithm for using a compass and a straightedge to construct AABC so that
MABC 2 AXYZ, Provide an argument that your algorithm will always work.

Use LABSHEET 8 for problem 10.

10. Construct an equilateral triangle.

)
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For any right briangle, e arpa ,r;—f' the sguare

burilt on the lrypotenuse is equal fo e sum of the
areas of the Sz,aua‘{"'(fs brlt ot %Fzs: teoo s,
gt 4=t

Now look back at the rope-stretching prolilem at the beginning of this fesson
{page 363). In an attempt to form a right triangle, one group of students at
Washington High School stretched the knotted rope as shown below.

O

They claimed the triangle was a right triangle since 87« 6" = 10% These students
used the Converse of the Pythagorean Theorem in their reasoning;

If the st of the siquares of the lengths of lwo sides
of a triangle equals the squre of the lengtl of the
third side, then the friangle is a vight fripngle.

SO ... T9 +here 15 & HjH ﬁlaugu Hun a?+b-c?
ond...  T€ a2 b7 7 hun T is o 1ight Triongle
g
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e haue Oo r»q%f\'\' [.\‘ AENTAU e YL ~-’~M(z . /
f WGP c, , hen wie Jave & Figh AL
S S T “WL We (/r(ku

The converse of an if-llien statement roy verses the or der of the two parts of the
statement. Although the converse of the P Y thm?m ean Theorem & true, the
converse of a true statement may not necessarily be true, For example, consider
the slatement, “If T'm ir math class, then I'moin school,” and the converse, “1f I'm
i school, then 'm in math class.” Ts the converse necessarily true?

Pythagoras at Werk Tolay out a
wall perpendicular to an existing

wall, a builder measures 3 feot Lo
along the base of the existing wall
and 4 feet along the floor line
whoere the new wall is fo be placed.
The bublder then checks if the
distance between these two points :
is 5 feel. I so, she knows that the R
angle between the existing wall

ard the wall to be constructed is 90°.

I R )

a. Is the builder using the Pythagorean Theorem or the converse of the
Pythagorean Theorem? Explain.
(Ponverse T — hecause Lie Know ot o =C =
i 56 iYYS ooy Agnt Ty \mfx(J(c
L’}l L2 £
[+ G = 95V

b. You can use vour understanding of triangle congruence to explain why this
“3-4-5 triangle” method guarantees a right angle.
i. Draw segments of length 3 cm, 4 om, 5 om. Then, using a ruler and
compass, construct a triangle with these side lengths.

60
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In preparing an architectural draw mg of right triangular components of a

huilding, is it possible to draw a tria gle congruent to a give

under eacltof the followin e conditions? In each case, explain vour J‘Cu:m}mlg

Q

. You me

we the lengths 1 right trian

h']f‘

nang Gy e
(mqmmf viq SAS

b, You measure |
m

e TR

Lriglht triar

e lengths of a leg and the hypotenuse of the given

Ss A - dus ot
DIOVE Lm/lgjrut“()a//
b due o G-
[\ KINOW | i wl() C (
o Jhe MISS J)’"ICJ‘ Side
“ It
<o .., s Tealty
e 5 SN
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In this investigation, you examined applications of the Pythagorean Theorem and its
converse. You also used careful reasoning to provide arguments for why these statements
aretrue.

‘a Describe the general idea behind your argument that the Pythagorean Theorem is true
for all right triangles.

i\LLJ qevean theesem

o e o night = mmw Yhen ﬂ + 1

Qh 'ﬂmsz Ceide
’ INTIANR~ IS e Bl Sha Thi sicle of
oo () qh’r I an(h

b Describe the general idea behind your argument that the corverse of the Pythagorean
Theorem is true.

T*? O\a’x \9;1 o= (L ~ \ "“‘\"\'\&L‘m e \’\. Gave Oc M (;) h "{" r{.\

Lo when - |
W AU A Sl Ood Wt

v 1F 15 a nght A

o}
P
)
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O ;.;S;g;' Give two examples, one mathematical and one not involving mathematics, to illustrate
that if a statement is true, its converse may not be true.

Non-Math: TP 5+ 15 Thanks >giving, ﬁw 15 Nowenber

nerse + T T 1o Novenaber, Shen B 7)0//1 Nk WJ

d  Whatisthe sma!it,‘;t number of side lengths you need to compare in order to test if
twa right triangles are congruent? Does it make a difference which side lengths you
use? Explain.

Q  Beprepared to share ideas and examples with the class.

SN
SRR e e bt

0/2 M&S Q(ﬁ) (/U’Ld 4 N @O ‘ o LQJ v lkﬁ SAS

| e p(\f nust uadd Ll \\‘ﬁ\ — og
J ( ”L) J & oot 1}\

(EALLY SSS
recouse of P

cd o F L
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CHECK YOUR UNDERSTANDING ' O

In the Think About This Situation at the beginning of this lesson {page 363), vou
were asked to consider whether four students could form various shapes using
a 24-meter Joop of knotted rope with knots one meter apart. Reconsider some of
thase questions using the mathematics vou learned in this investigation.

a. Explain how you could use the 24-moeter knotted

rope to form a right triangle and how vou know
the shape is a right triangle.

b, Now explain how vou could use the 2&-meter
knotted rope to form a rectangle and how you

know that the shape is a rectangle. Q

c. Look back at your work in Part b, Could vou form
a second differently shaped recltangle? Explain.

d. Suppose vou and two classmates were given a 30-meter loop of rope with
knots tied one meter apart. Could vou position yvourselves so that the resulting
triangle is a right triangle? Explain your reasoning.

s A Ed R



